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Longitudinal cooling of non-neutral plasma by energy exchange
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The optimal values o) andAw (Aw=w—) for cooling a pure electron plasma with a microwave bath
have been calculated. An electron plasma, which has no internal degree of freedom, cannot be cooled below the
temperature of a heat bath. However, longitudinal cooling can be achieved by energy transfer from the poorly
cooled longitudinal degree of freedom to the well-coolég synchrotron radiationtransverse degree of
freedom. To do this, a microwave bath is introduced to the electron plasma. A microwave tuned to a frequency
below the gyrofrequency forces electrons moving towards the microwave to absorb a microwave photon. The
electrons move up one in Landau state and then lose their longitudinal momenta. In this process, the longitu-
dinal temperature of the electron plasma decreases. On the basis that the perpendicular temperature is below
the Landau temperature of the plasma, we set up two level transition equations and then derive a Fokker-
Planck equation from them. With the aid of a finite element meftr&M) code for the equation, the cooling
times for several values of the magnetic field, the microwave c&@jy and the relative detuning frequency
from the gyrofrequencyAw) are calculated. Thus optimal values of the microwave cavity and the detuning
frequency for longitudinal cooling of a strongly magnetized electron plasma with a microwave bath have been
found. By applying these optimal values with an appropriate microwave intensity, the best cooling can be
obtained. For an electron plasma magnetized to 10 T, the cooling time to the solid state is approximately two
hours.
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I. INTRODUCTION resolution measurements for proton mass and for mass spec-
. trometry of nuclei[12].

The concept of crystalline non-neutral plasma, regarded | aser cooling13—15 has been the primary approach to-
as a new state of matter, has been studied for a variety Qfards obtaining ultra cool beamgl6,17] and plasmas
fundamental and applied physics areas, including the study18,19. A laser that is tuned to a frequency below the reso-
of space-charge-dominated beams, the study of Coulomhbant frequency of the ion is directed at the ionic plasma. lons
crystals, the realization of high luminosity ion colliders, the moving towards the laser beams see an up-shifted laser
application to ultrahigh resolution nuclear experiments andeam, and thus can absorb the light. Subsequently they spon-
to the atomic physics research, etc. Crystallization occurs asneously emit a photon isotropically. Thus, in the full pro-
non-neutral plasmas and beams are cooled below the transiess, they lose momentum by recoil. This leads to cooling.
tion temperature. In fact, as seen in many Penning trap exduch a method naturally works only for ions, not electrons or
periments, the non-neutral plasmas has three differerirotons, as they have the internal resonances needed for nar-
phases: fluid, fcc, and bdd]. Crystallization in one dimen- row absorption. For non-ionic beams, electron cooling has
sion has been observed in the beams at the Aarhus accelef2€n used, but such cooling has not produced ultracool
tor [2], in agreement with calculatiori8], and crystallization ~°€ams{20]. _
in three dimension has been observed in the ion Penning trap In the case of a strongly magnetized plasma, the cyclotron
at NIST[4] and in dusty plasma). equency is much larger than the plasma frequency which is

: : : ; . the main frequency of the longitudinal oscillation. The fast
In high energy physics, Penning traps and antlparnclé . S oo
storage rings have been used for experimental tests of t romotion compared to the longitudinal motion implies that

CPT theorem([6,7], which predicts equivalence of various é{ total action of the gyromotion is an adiabatic invariant

. 1]. The existence of the invariant promises that the longi-
physma_l parameters such as MAsses, charge-to-mass fai%inal and transverse temperatures can be well-defined
magnetic moments, and gyromagnetic ratio for particles an eparately in the system and that all the thermodynamic po-
antiparticled 8]. Charged particles can be confined perfecuytentials should be the functions of the two temperat{2&k
in an ideal cylindrically symmetric trap with a uniform axial For this reason we already investigated the phase transi-
magnetic field 9,10, which is the basic setup of the Penning yi, of strongly magnetized electron plasmas in Penning
trap [11]. This approach, the use of Penning trap, has beef, s “and we concluded that the phase transition can occur
favored and widely used because the particle can be cool the condition that longitudinal temperature is below a
down to a temperature of the order of 10 mK. Penning trapg.,

S ; tain value irrespective of transverse tempera{@@.
at CERN have been used to capture antiparticles for highgg,y the question is how to decrease the longitudinal tem-

perature to the critical value. We suggest a microwave cool-

ing method as one of the possible ways. Applying a tuned
*Electronic address: jinhyung@geta.colorado.edu microwave into the longitudinal direction, the longitudinal
"Electronic address: Cary@colorado.edu energy can be reduced and then the temperature can be
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dropped down below the critical value. This means that the

electron plasma crystallization can be achieved. In the fol- H= ﬁQ<aJ_aJ_ + 5)
lowing section we briefly explain the thermodynamics and

the guiding center dynamics of the strongly magnetized plaswhere the potentiad(X,Y,2) is the sum of the pair poten-
mas, and show how their phase responds to the longitudinaials between an electron and the other electrons,andd
temperature. In the next section we suggest how to reduce represent the guiding center position of the electron. A
the longitudinal temperature and the result is shown. reduced Hamiltonian, excluding the quantized gyromotion,

pz

L2 DXY,2), )
m

H, = + d(X,Y,2), 3

Il. THERMAL EQUILIBRIUM OF STRONGLY

MAGNETIZED PLASMA o . - o
allows longitudinal dynamics and guiding center dynamics in

Consider a strongly magnetized nonneutral plasma as ahe system. In this case, the guiding center positidhand
ideal system of mobile particles of char@e number density Y, are conjugate to each other, so that the reduced motion of
ne, and temperaturksT, immersed in a heat bath. Using the the system can be described by two pairs of conjugate vari-
Wigner-Seitz radius a=(3/4mny)Y® and 3w ! (wp ables,(z,p,) and(X,Y). In the dimensionless units of length,
= 4mn,Q?/m) as the units of length and time, the thermo- time, and energy, the equations of motion in the classical
dynamics of the nonneutral plasma can be described in terntegime are

of several dimensionless parameters, including the Coulomb dz dH
coupling parameter, === (4a)
dt dp,
QZ
=—— (1) dp, __dH,
aksT ot o (4b)
which is roughly the ratio of the Coulomb potential energy to
the thermal energy per particle. From the definition of the d_X=_ la (4¢)
Coulomb coupling parameter, Il /can be interpreted as the dt \39 dy’
temperature in the unit of Coulomb energy/a.
From theoretical works on unmagnetized plasmas and the dY _ wp dH;
results of Penning trap experiments, it is known that one a \39 ax’ (4d)

component plasma has two phases, locoystalline and

fluid, and the phase transition occurslat170[24,25. In  where the guiding center motion is clearly slower than the
theoretical studies, one of the approaches to understand ti@ngitudinal motion by the order ab,/().

nature of the plasma crystal is molecular dynamics simula- An electron plasma to which a uniform magnetic field is
tion (MD simulation. Hamaguchi and Farouki found the applied usually has two characteristic temperatures, the
phase transition in the unmagnetized plasma system with tHeansverse and the longitudinal, and thus has an anisotropic
MD simulation. Also, they showed that the plasma has twadistribution initially. The collisions between electrons force
different phases-bcc and flu[d,26], as seen in many Pen- the two temperatures to equilibrate in a characteristic time
ning trap experiments. In Penning trap experiments, it isscale. The equilibration rate, the inverse of the equilibration
shown that the ion crystallizatioibcc phasg can be time, is determined by the number of collisions per unit time,
achieved with a sufficiently strong 3D cooling force. Laserand the rateyp,., can be written as

cooling, which is supposed to be one of the most promising ——

methods to obtain the crystalline plasma, has been used to ve=nvb(1/e), (5

achieve the plasma temperature in the mK range. But deSp'Wherev—\ZkBT”/m is the standard deviation for the distri-

considerable success in crystallization of ionic plasfdds
there has been no successful experiment with electron plagmIon b=2¢/ksT, is twice the classical distance of closest

mas, because laser cooling is ineffective in cooling nonioni@Pproach, ande=v/bQ is a measure of magnetic field
plasmas. strength. For a weakly magnetized plastte- 1), 1(1/¢€) is

In the system of a strongly magnetized electron plasmagbtained as (/27/15)In(1/3e) [22], exactly as for unmag-
the strong magnetic field forces the transverse motion tetized plasma, except that ]elﬂaplaceS?\D/b in the loga-
separate into gyromotion, the action of which is an adiabatigjthm, wherehp=(kgT/47n€e?)Y? is the Debye length. The
invariant, and into th& X B drift motion, which is slower by logarithm dependency of, for the weakly magnetized
the order of a small adiabatic parametep/(). When the  plasma creates a high equilibration rate, so that the two tem-
transverse temperature is sufficiently low, such tkgf,  peratures equilibrate quickly. This is because a large radius
<#), the gyromotion energy is quantized Bs ,=hQ(n  of cyclotron motion will generate strong Coulomb collisions

)for the nonnegative integer. As a result of the quantum among electrons, and especially when the radius is large
treatment the rest of the motions are described by the guiccompared to the Debye length, the Coulomb collisions over
ing center approximation. The Hamiltonian of an electron inthe range of the Debye sphere will be replaced by the colli-
the system reduces to sions of the gyromotion. In this case, we cannot apply the
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guiding center approximation to the weakly magnetizedan ideal microwave field of angular frequeney, traveling

plasma, and we may assume that the plasma has an isotrogitong magnetic field direction. The microwave photon causes

velocity distribution initially. resonant transfer of population between the two levels when

However, in the case of strongly magnetized plagma the longitudinal velocity of the electron causes a Doppler

<1), the small radius of the gyromotion will never generateshift that compensates the detuning of the microwave from

strong Coulomb collisions among electrons. Instead, théhe resonance. This really happens when

weak Coulomb collisions will cause negligible exchange of

energy between the longitudinal and perpendicular degrees Pz _ Q-w 7)

of freedom, and thus the longitudinal and perpendicular mo- m kg

tions will need to be described separately for the energy- i i

exchanging time scale. The transverse motion would be cha}¥hereko={/c is the wave vector of the microwave photon.

acterized as the gyrofrequency, and the longitudinal motiorfVhen the electron absortiso from the microwave field, it

characterized as two frequencie@=v_/3andw Since the must also compensate for the loss of momentum. Thus, the

two longitudinal frequencies are rr;uch smalle?nthan the transgleCtron loses an addltlonal'momentdrko, along the direc-
) o . - “tion of propagation of the microwave. Consequently the elec-

verse frequency, an adiabatic invariant of the gyromotion

which is the cyclotron action, is well conserved, and also, théron loses its longitudinal energy by losing its longitudinal

L : momentum. In the classical point of view, this process can be
Iong(;t_ud:nal temperature does not necessarily equal the P€lescribed by a Fokker-Planck equation. The Fokker-Planck
pendicular temperature. T

Due to the adiabatic invariant of the gyromotion for aequatlon is well known as
strongly magnetized plasma, the equilibration rate between Jf(p,) 9 9
the transverse and longitudinal temperatures is an exponen- o oo v(p)f(p,) + Ds(pz)a_f(pz) : (8
tially small function of -1k, and -1/, where €,=w,/(} Pz Pz

ande= /() are much smaller than unif1,23. The expo-  \herey(p,) andDy(p,) are the dissipative and the diffusion
nentially small exchange rate of the transverse cyclotron angdyeficient, respectively. The dissipative coefficient of the
the longitudinal energyy., prevents the two temperatures royyer-planck equation decides a cooling time scale of the
from relaxing to a common value over a long time scale;.1/ gy stem.

[22,27_|. On the time scale during which the transverse action ™ | ¢ ;5 proceed to find a proper equation for the entire
is conserved, the distribution of the system can have the fo”EooIing process. Since an electron interacting with a micro-

p2 wave field losegik, from its longitudinal momentum for the
ﬁQ<n+—) —Z +®(X,Y,2) microwave transition time, the dissipative coefficient can
P=7lexd - _2m . (8) simply be proportional tdikyW; in which W; is the micro-
KeT kg wave transition rate. Considering the portion of the electron

plasma losing the longitudinal momentum &$,(ngy)

hereZ is th tition functi f th t figlis th . -
whereZ is the partition function of the system afiglis the {Cy(ngy) <1), we establish the equation as

longitudinal temperature, defined as the kinetic temperatur
Therefore, the thermodynamics of the plasma depends on o (p,)
both the transverse and the longitudinal temperatures. Espe- ~
cially when the transverse temperature is lower thén the a
longitudinal temperature will be the dominant parameter tc{NhereC
describe the thermodynamics and the phase transition. Froiﬂ

hkoﬁ[cpmm){wxpz) SW.(p (Pl (9

p(Ngy) is a function of the total number ratio between
e ground and the first excited stang;, and the stimulated

our molecular dynamics simulations for strongly magnetize ransition rate by the microwavaVy(p,). is defined as

plasma, we know that the phase transition from bcc to flui
occurs afl’;=170[23]. Moreover, the existence of the trans- (4/12)?
verse quantum structure suggests that the Iong|tud|nal tem- W(p,y) = F( 127+ (- O + Skop )2
perature can be decreased by a longitudinal microwave that 7 w P

is well-tuned to the Doppler-shifted resonance frequency bey, Eq. (10), F has 1/sec as its unit. Usuallf, can be ex-
tween the two nearest Landau levels. pressed as ’

(10

IIl. TWO LEVEL TRANSITION EQUATION FOR lo

MICROWAVE COOLING F= Py (11

A. The basic phenomenon for microwave cooling . .
wherelo is the power of the microwave.

In this section, we will consider the two level system of a  When the longitudinal velocity is small, E€R2) assumes
transversely quantized electron interacting with a pair of opthe dissipative form,
positely traveling waves, and present an argument which
i i ivati issipati i of 1%
?c;\r/(iﬁeaerl)é%ttlscr;.of the derivation of the dissipative equation % . Vs(nOI)ﬁ_pz[pzf(pz)]v (12)
We consider a simplified electron system consisting of
two level, separated by the enerfg§2. This is acted upon by where the dissipative coefficienty(ngy), is
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4ﬁkg|:(7/2)2(w -Q) with time, when electrons in other states make transitions to
vs(Npy) =~ Cp(Noy) (122 + (00 the state, and it tends to decrease with time, when the elec-
7 trons in the state make transitions to other states. The longi-
tudinal velocity distributions during the process can be de-
scribed by a master equation,

Atk (w - Q)
m(7/2)? + (0= Q)?]’

= Cp(no) We(0) (13)
The number rationy,;, should is decided by the ratio between Jf(p) _

the stimulated transition rate and the spontaneous transition g % jdq[fm(q)Tm(q,p) ~ P Tin(p.g)], (18)
rate, which is generated by the gyromotion. This means that

the ratio between the stimulated transition rate and the spomwhereT,,(p,q) is the transition rate frontth to mth state.
taneous transition rate is also a function of the number ratio, Following the assumption that most of the particles are in
the ground or first excited state, the two transition rates,

W(0) ~
ST =r(Ngy), (14) Ilo(p;,pz) andTy.(p,,p,) can be expressed &p,,p,) and
W(p,, p,), respectively. The assumption leads the two master
where the spontaneous transition reeis equations to
26°()?
~— of (pz) ’ NN A '\ ’
> ame” 15 o) f o, 0)Biosp0 - flp) | ciitp. .
As a result of this, the dissipative coefficient can be ex- (199
pressed as
o Ak(w-9) af1(py) _ ~ N ~
v(Ngy) = Ry(Ngy)S 2%+ (-0 (16) a dp.fo(P) WPz p;) = f1(p2) | dp.D(p;.py),
(19b

where a new functiorR,(ngy), is simply C,(ngy)r(ng,). For a
small number ratio(nyg;~0.2), the function,r(ngy), is ap-
proximately the same to unity (ng;) ~1). The detuning fre-
quency,o—{), has the same order ta From these consid-

where f)(pz,p;) represents the transition rate from the ex-
cited state to the ground, aMi(p,,p,) represents from the

erations, the cooling time scale is approximately ground state to the excited. _ .
An electron may decay from the first excited state to the
; 1 Yy m (17) ground by spontaneous and by microwave-stimulated emis-
S

sion. f)(pz,p;) may be separated into the spontaneous and

" 2uilogie  Slogefikd’
For 10 T as its magnetic field strength, the cooling time scalr—tzhe. stimulated emission rate. We define the spontaneous

for the longitudinal cooling is about 1 h. Consequently the®Mission rate a®q(p,,p;), and the spontaneous absorption
cooling time for an electron plasma to reach a critical tem-ate asiy(p,.p,). In quantum mechanics, spontaneous decay
perature is about a few hours. can be interpreted as the interaction between an electron and
the vacuum fluctuation of the electromagnetic field. An elec-
tron loses its energy during the decay, while the vacuum
electromagnetic field gains the same amount of energy that
In this section, we will obtain the basic master equationghe electron loses. The total Hamiltonian to describe this kind
for microwave cooling of an electron plasma for the two of system is expressed as the sum of the Hamiltonian of the
lowest Landau levels. In the low transverse temperature limielectron, the Hamiltonian of the vacuum field, and the inter-
(kgT, <#Q), while the longitudinal temperature is much acting Hamiltonian between the electron and the vacuum
higher than the harmonic oscillation energy generated byield. The total Hamiltonian is
plasma oscillation(kgT;>7%iwp), the longitudinal energy can B
be reduced by microwave radiation. Absorption of a micro- H=Ho+H¢+H., (20

wave photon by an electron, in a Penning trap, moving it URyhereH; is the Hamiltonian of the vacuum field, amtl is
one in Landau state, can reduce the longitudinal energy, jushe interacting Hamiltonian. Without loss of generality, the

as laser cooling does for ionic plasma and equilibrium. Thgyamiltonian of the electron in a constant magnetic field can
spontaneous radiation reduces the transverse energy, so tiat

the transverse state moves back to the original Landau state

until the transverse temperature is the same as the heat bath p> mQx?  p?
temperature. During the entire process, only the longitudinal Ho= om + T + om
temperature will decrease.

Let f,(p, denote the longitudinal momentum distribution wherer | is the radial distance from the guiding center of the
of transverse quantum numhberwhich implies that the elec- electron, andp, is its momentum. The interacting Hamil-
trons are found in theith Landau state with longitudinal tonian,H_, creates the spontaneous decay between two near-
momentump, at a certain time. Thef},(p,) tends to increase est Landau state of the electron. Thus, the spontaneous emis-

B. Two-level transition equation

: (21)
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sion rate can be calculated from the famous Fermi goldetion for an electron in a uniform magnetic field,

rule, mQ  \Y mQ
. oo ol .
Ava(PyP) =~ | [(fIH-DF9E)d0s, (22 mh2(n!) f
mQ , p,
where(); is the solid angle of the emitted photon. The inter- Xexp - EM + 'gz (32)

acting HamiltonianH_, is given by
R whereH,(x) is thenth order Hermite polynomial, we obtain
H_= m_c-/4+ P, (23 nhQ
[ Bl N, poI? = o 5 G 18Py =) (39)
where A, is a creation operator that creates a photon on

vacuum field. The initial state of the electron and the elecqinserting this result into Eq31), the transition rate from the

tromagnetic field is excited to the ground state by spontaneous decay in our sys-
liy=1In,p, @0, (24)  temis found to be
i i , " 260®
and the final state is Aoi(P.py) = S(w) 8Pl — py) = - Spl-p). (34
) =In",p;) @ [K). (25

This result is a modified decay rate of the spontaneous decay
rate without any longitudinal recoil, so that the result in-
Erudes the longitudinal recoil by its momenturik;.

In this case, the resonance conditions including the recaoill

Here,n’ andp; in the first ket of the direct product represent
the quantum number of the transverse Landau state and lo
gitudinal momentum of the electron, respectively. The se
ond term of the direct product represents the quantum statig

of the electromagnetic field. S¢f|H_|i) is the emission ele-

ment matrix betweemth andn’th Landau state. Obviously, fik = £7ikg=p, — P, (353
then’th state is the lower Landau state, because the electro-

magnetic field gains energy as much as the the initial Landau ) P,
state loses. The density of states in E2p) is fiwg =) + —(P —-p,) =hQ+ ﬁkua, (35b)
2
g(E) = (26)  Wherek; has two values, k&, because both types of transi-

f(2mc)>’ tion are required to get a low longitudinal temperature. Thus,

whereV is the volume of the system. Considering the tran-th€ SPontaneous decay rate is modified as

sition between two nearest state$=n-1) as the main tran- _ 2620
sition in our theory, the emission matrix element is Aoi(p;.p,) = Slwgr) 8(p; — p,— fik) = WC?(?(DQ = p,—fik).
(LD = (0 pil(kAJ0) pInpy.  (27) (369
In order to keep the thermal equilibrium at a finite tem-
The transition matrix of the field is perature, another transition rate, called the induced transition
2mhc2\ 12 rate by the electromagnetic radiation, is required in the equi-
(k|.A,|0y = ( v ) gkr (28) librium. In general, the two transitions for the two states are

satisfied by the rule of Einstein& andB coefficients. With
wherea is a unit polarization vector that is normal to the only the two transition rates, we can get relations as
propagation vector of the emitted photon. Applying a dipole

approximation that the transverse wavelength of the field is D (pl.p,) = Aoi(py.P,) (37)
far longer that the oscillation dimension and oz 1 - exg- Bhop)’
[r,Hol =iAp/m, (29 _

whereH, is the Hamiltonian for only electron, we obtain the Wo(Pz:P2) = Do(Pz, PIEXP(~ S g, (38)
emission matrix element, where g8 is defined as

(f[H_Jiy = ieaaQ)Y&n’,plla - r|n,py, (30) gL 1 39)
wherep,=p, -7k, is the momentum, including the recoil ef- keTh'
fect. Combining these results, the probability is from the temperature of the heat bafl, However, the in-

) 46203 ) teraction of electrons with the microwave causes two-way
AvnlPzP) =~ o5 = Kn',pglrin,ppl?,  (31) transitions between the ground and the first excited state.
3hac°(1 +v,lc) . ; "
These transitions are known as stimulated transitions, the
which is the modified cyclotron radiation rate with a condi- rates of which are the same. Moreover, electrons of the first
tion of longitudinal momentum change. Inserting the solu-excited state radiate photons spontaneously before they reach
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an equilibrium, and then drop down to the ground state. This e e
kind of radiation is formulated as the cyclotron radiation. Hnn =?<n',Pz|M|”ypz>- (43
Therefore, the total transition rate from the first excited state ver

to the ground state is the sum of the spontaneous decay, th&, e FL

induced emission by the electromagnetic radiation, and th?ollowing the same procedure to calculate the spontaneous

stimulated transition rate by the external microwave, whileyangition rate, and introducing a microwave intensity as a
the transition rate from the ground to the first excited state IS ombination of a dipole momentum and a microwave field
the sum of the induced absorption by the electromagnet;g

is perpendicular to the wave vector of the field.

> . " trength, the stimulated transition rate by microwave can be
radiation and the stimulated transition rate by the extern

. . . ' xpressed as
microwave. The time-dependent microwave field, generate
in a cavity, can be expressed as Lo (412)?
We(p.P) = o
E(t) = Ey exp— i (wg + S0t — wgt/2Q], (40) ‘ hQ (712)* + A*(w,k;, P, P})

where Q is defined as 2 times the time-averaged energy Where the function is defined as\ = w-wr(k;, p;,p;). The
stored in the cavity to the energy loss per cycle. The abové“o in Ws is the power of the microwave defined as
field is the solution which gives a consta@t This damped 5

oscillation, as in Eq(40), does not have a pure frequency, log = &Ey (45)
but a superposition of frequencies arouaée wy+ dw. The 4rhy’

Fourier transformation of Eq40) leads to a frequency dis-

tribution of the energy in the cavity. The result of a Fourierand they can be determined d3/Q from theQ factor of the
transformation such as microwave cavity. Including the resonance condition in the

momentum space, the transition rate can be expressed as

(44)

|E(w)|? Eg/(4m)? _
8 = (wOIZQ)2 + (w - wy— 5&))2 (41) Ws(péipz) =Ws(p;’pz)5(p£ —p- hkil) (46)

Combining the two transition rates, the total emission and

represents energy density as a function of frequency. Th e absorption transition rates are changed to

microwave-stimulated transition rate is the same as the en-
ergy density per unit of emitted photon energy, and the reso-

nance frequencypr=wy+ dw, is decided by the sum of the D(p, P2 = Do(P: P2 +Ws(p;, P2, (479
transverse energy change and the longitudinal energy

h . EYY N Y ’ —_—
e WP}, p) = Wo( P}, P) + WP}, Py (47b)

As mentioned, our system is simplified as consisting of
two levels separated by the enedgf). This is acted upon by The above two transition rates have their own momentum

a microvave field of frequency, traveling along the Mag-  resonance conditions in themselves, so that the energy reso-
netic field line. When an electron absorbs the enéigy it nance condition automatically can be applied to the these
two equations. In order to cool the electron plasma properly,

. Ye need to use both ways of cooling, which means that we
between two transverse energy levels, and is corrected byt‘?ave to apply two microwaves symmetrically in momentum
small longitudinal energy change.

space. The electron that has a positive momentum will lose

Thus resonance conditions of thg microwave are the sam longitudinal momentum by the negative longitudinal
as those during spontaneous transition. This impliesdyat |, -« \ector #ky, wherek, is positively defined agQ/c.

a_nd 5‘;’ are regarorl]ed aﬁ and kazé_mi dre_zspﬁctlvely. Tlhe Qen- fOn the other hand, the electron that has negative momentum
Sity of states in the microwave field is the normalization of, gain longitudinal momentum by the positive longitudi-
the energy density generated by the microwave field. So thﬁal wave vectorik, Under these two simultaneous pro-

normalized density of states is cesses, the electrons will lose their longitudinal energy.
We define the following functions for our convenience:

S(wg)/2
1-exg- Bhwg)’

1 0/2Q
m(Q2Q)* + (w = Q = kp/m)?’

Y(w) = (42)

Do(pp;) = (48
The microwave-stimulated transition rate can be obtained
from the Fermi golden rule, which is used to obtain the spon-
taneous emission in E@22). For the stimulated transition, Wo(pp2) = Do(p,, pl)exp(— Bhaog), (48b)

the density of states generated by the microwave field should

be replaced by the density of states for the spontaneous emighere the factor 1/2 appears in E48a, because a normal-
sion expressed in E@26). In this caseqw is replaced by, ized two-way plane wave should be considered a longitudi-
andAw can be interpreted dgp,/m, by the resonance con- nal wave instead of a one-way plane wave. Now the longi-
dition. Also, the emission matrix for the stimulated transitiontudinal distribution equations of E¢19a and Eq.(19b) can

is changed to be reduced to
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range in a long time scale. This condition also leads a special

Ifo(p,)
— - > [f1(p,+ ik)) Do(p, + fik;, p,) relation,

a ki=£ko
= fo(P)Wo(p P, + 7ik)) ]

+ E [fl(pz + ﬁk{I)Ws(pz + th’ pz)
ki=zko

fa(p) _ WP, p, + fiko) + WP, P, — fiko)
fo(P)  D(p,p,—fiko) + D(p, P, +fiko) °

in a short time scale, the spontaneous time scale, to the two
distributions,fy(p, and fi(p,).

(51)

~ fo(PIWs(P2 P, + 7iky) ], (493 By taking a Taylor expansion of the two level equations,
1) our original transition equations can be written as
1P
— = > [folp] — fik)Wo(p; = fiky, p) of
H T, e R TP PP~ ko) + DIpyi k)]
= f1(p;)Do(pz, Pz — fiky) ] + kEKO [fo(p; = ik)ws(p, — fo(p,)[W(p,; fiky) + WP, — iko)]
=+
- 1k, py) = F2(P)Ws(py, Py — k)], (49b) + ﬁk()%[fl(pz){D(pz; — fiko) = D(p,; 7iko)}]

where thewg can be determined bl.

IV. FOKKER-PLANCK EQUATION

In order to calculate the cooling rate of the longitudinal
temperature, it is necessary for us to derive a Fokker-Planck
equation induced by a microwave and its dissipative and
diffusional coefficients. In our analysis of the two level-
transition equations, we have supposed that the transition
time scale is much smaller than the collision time scale.
Without an external microwave field, the collision drives the
plasma to a state of equilibrium, but a strong magnetic field
causes a shorter spontaneous-decay time sc(ag%
~2¢°()?/3mcd) than that caused by the interparticle collision
alone, because the time scale of the collision between elec-
trons is exponentially smaller by its exponentQ /x, and
-Q/ o [21,22). With a comparable microwave intensity ap-

df1(p,)

h2A2 P
IR T (0D (pyi- fiko) + Dpyi ik

2 op?
(52a

~ fo(P)IW(p,: ko) + W(p,; — fiko) ]
= f1(p)[D(p,; — fikg) + D(p,: ko) ]

+ ﬁkoﬁ[fomz){wmz;ﬁko) — W(p,;i- k)]

ot

2

1%
+ Tk‘z)a—pz[f(,(pz){wmz;ﬁko) + W(p,i ko)

(52b)

plied to the plasma, the plasma profile will evolve in a rela-to the order ofi?kg, where the second argument in the pa-
tively short time, independently of the relaxation process by€enthesis oD, W, andw, represents the gain of momentum.

the collision. As the equation that is driven by the collision is This  implies  that Do(p,; 7iky), Wo(p,; £7iko), and
usually reduced to a Fokker-Planck equation in a long timevs(p; +7iky) become
scale, the shorter time scale transition equations of our 2
strongly magnetized, microwave-stimulated system can be ez(Qi@pJ
reduced to another Fokker-Planck equation in a relatively m
short time scale. 3mc

In our system, the momentum changg,=%Q/c, is Do(p;; £ fiko) = _ _ + ., (539

i > 1-exd- BQ xkop/m)]
much smaller than the standard deviation of the longitudinal
distribution,(p2)*2. Also, the peak position of the microwave ko |2
spectrum in momentum spaa®({)-w)/ky, is much larger e2<Qi —pz>
than #iky. Since the total longitudinal distributionf(p,) m exd— B(Q + kyp/m)]
=fo(py +f1(py, is @ smooth and slowly-varying function Wy(py: + fikg) = 3mc?
aboutp,, we easily find a condition for the distribution, o = 1-exg- B(Q +kyp/m)] '
(53b
i’zkom < f(py. (50
P 10, (42

This condition implies that the deforms of the longitudinal We(pg; £ fiko) = 50 (7122 + (Aw * kop/m)2’ (530

distributions by small changes in their longitudinal momenta
are very small compared to the original longitudinal distri-where the detuning from resonance frequeday,is defined
butions. As results of this condition, the two transition equa-as
tions in their main orders are completely opposite, and the Aw=0- o (54)
state of the plasma that is represented as the total longitudi- '

nal distribution evolves to low longitudinal temperature For our convenience, we define the following functions as
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WI(p,) = We(py; = fiko) + We(Pyifiko), (553)
Awy(p,) = W(pz; = fiko) = Wy(p,: 7iKo), (55b)
Dg(p,) = Dopzi = fiko) + Do(pifiky), (550
ADq(p,) = Do(p,; — fikg) + Do(p,;7iko), (550
Wo(P,) = Wo(pyi = fiko) + Wo(pifiky), (550
AW(p,) = Wo(pzi = fiko) = Wo(pifik).  (55)

PHYSICAL REVIEW E71, 036406(2005

equation for the distributiori(p,) can be derived as

f
‘7((;2) o TP AW(R) - 11(pIAD(,)
kc2>
2 ol (PIW'(p,) + f1(p)D(p,)] (58)

to the order ofzi%k3. From the above equation, the main

change in the plasma profile is proportionafitq,. However,

the right-hand side of the equation is not an appropriate form
for a Fokker-Planck equation. In order to find a Fokker-
Planck equation for onlyf(p,), the right-hand side of Eq.

By defining the following four functions as combinations of (58) has to be an expression f(fp,) rather than off,(p,).

the above six defined functions,

D™(p,) = Dg(p,) +wg(py), (569
WT(p,) = Wo(p,) +wi(p,), (56h)
D(p,) = ADg(p,) + Awg(p,), (560
AW(p,) = AWy(p,) + Awy(p,), (560
the two transition equations can be rewritten as
f
’ (gth) f1(p)DT(p,) — fo(PIW'(p,)
21,2 (92
e ((pIAD(R)) + 50 T PIDT(R)
(573
f !
TP (WP - 12(pIDT(p)
+ hko&ipz{fomzmwm»}
h2k5
SRR 67

As mentioned before, the condition in E(O) leads a
special relation, Eq(51), between the two state in a short
time scale, the spontaneous time scale. After the time scale,
the two states can be expressed as functions of the total state,
f(p,), because of a definitionf(p,)=fy(p,) +fi(py). This
means that Eq(58) can be a Fokker-Planck equation in the
short time scale. To do that properly, we use Ex{a and
Eqg. (57b. As an immediate result of combining E¢b73
and Eq.(57b),

IWI(R)o(p) -~ D(P)F(p)]
~=[D(p) + W(p) IW'(p)fo(p,) = DT(p)f1(py)]

+ ko DT(p»%{AW(pafc,(pz)}

+wT<pz>£{AD<pz)fl(pz>} (59)

is obtained, to the order dik,. Equation(59) shows that the
functionW'(p,)fo(p,) —D'(p,)f,(p,) decreases as much as its
exponentD'(p,) +W'(p,), makes it decrease. Therefore, the
function with a large exponent vanishes so rapidly that the
stationarity of the function gives a relation betwekyp,)
andf;(p,). The two states, as functions of the total state, can
be obtained by eliminating the time derivative term of the
equation. With a definitionf(p,) =fy(p,) +fi(p,), the two

By adding the two transition equations, a partial differentialstates become

___D(p) D'(p,) J D'(p,)
folPd) = 570 + Witpy P2 HOTDT ) + Wil 2 ﬁpz[AW( ) BT(py) + Wipy | P2 }
W' (p,) J [ W'(p,) }
ko T o+ Wipy2apsL 0P By + Wity ' P2 | (609
__ Wip) ) D'(p) 4 { D(p) }
P = D7)+ Witpy ' P2 ™15 (0, + Wity P ap,| “ P BT(p + witpy | P2
_ W(p,) 9 [ W) }
T DTy + Wip ¥ ap | D P DTy + Wipy ' P? (600
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to the order offik,. Inserting these two expressions into Eq. wl(p,), and Aw(p,), do not depend orik,. The main non-
(58) gives the proper form of the Fokker-Planck equation, vanishing terms of the remaining two componeB(p,)
andAW,y(p,), are different from those of the other four com-

(] -7 K(p,)f(p, + H(pz)if(pz) . (1)  ponents. By expandingWy(p,) andADy(p,) to the order of
at ap, P, ﬁkO!

The two coefficients are defined as Aoy = - i% S, expl- BhQ)

K(py) = hkoKa(py) + 32K (ps), (62a PR m 1 expi- paa)

fiko S
— 322 %o
H(p,) = A%kGH(p,). (62b) A 1 - exi- gha)E™ (633

In order to obtain the coefficient§;(p,), K»(p,), andH,(p,)
properly, we need to find the main order of the components _ fikg S
in the coefficients. The coefficients ha@](p,), W(p,), ADo(p,) = AWo(py)expl(= i) = ——=-— exf- BhQ)’

ADq(p,), AWy(p,), wi(p,), andAwg(p,) as their components. (63b)
The coefficients are the functions of the combinations of the

six components. Sinoal(pz), andAwg(p,) are very localized we know that the nonvanishing terms in both components
at p,= * mAw/k,, and the other four components are slow- proportional tofikg.

varying functions inp, space, we know easily that the first  Recalling the main orders cfWy(p,) and ADy(p,), we
nonvanishing terms of the four componeriig(p,), Wi(p,),  can obtainK,(p,), K»(p,), andH,(p,). The results are

[Dg(p,) — Wo(p)]Aw(p,)

Ka(Pe) == T o+ Wiy (648
Ko(py) = — —— D (P AWo(p) = W' (p)ADy(p)
2P ke D'(p,) +W'(p,)
__ 2Aw(p) 2 D'(p,) o wipy }
_ 9 _D(p)W'(p,)
ap,D"(p) +W'(p,)’ (64b)
T 2 i 2

Ha(p,) = 20w5(p) __{DT(p)*+ W (p)}* | DT(p)W(py (640

{D(p) *W(p)}2 D'(p)+W'(p)  D'(p)+W(p,)’

As mentioned before, the main change of the plasma profilences a transition by both the spontaneous and the induced
is proportional tahk,. The dissipation of the plasma is more transition, the electron loses its longitudinal energy by lon-
dominant than the diffusion because the main ratio of the tw@itudinal momentum losg:k,, repeating the process until the
coefficients is in the order dfk,. plasma reaches an equilibrium. As a result of this equilibra-
tion process, the stationary temperature of the plasma should
be exactly the same as the heat bath temperature of the
V. STEADY STATES plasma. Mathematically, this process can be described by the

) ) classical Fokker-Planck equation, which has a constant dif-

Let us apply the Fokker-Planck equation of E6{l) with  fsjon coefficient and a dissipative coefficient which is pro-
Ka(py), Ka(p,), andHa(p,), in Eq. (648, Eq.(64b), Eq.(649.  portional top,. Therefore, the Fokker-Planck equation of Eq.
We may consider two extreme cases: the case in which n@1) should be reduced to a classical Fokker-Planck equa-
microwave is applied, and the case in which there is onlytion. Applying wy(p,)=0 to K;(p,), Kx(p,), andH,(p,), with
microwave-stimulated transition. AWq(p,), and ADy(p,), in Eq. (638 and Eq.(63b), we can

In the first case, where there is no microwave, the state igptainK,(p,) andH.(p,), as
equilibrated by both spontaneous decay and induced transi-
tion. Here, the induced transition is generated by the electro- K,(p,) = B S p (659
magnetic radiation. Whenever an electron in plasma experi- 2 2msinh(BaQ) "
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1 S hky. Since there is no spontaneous decay, but only the same
HaP) =5 = (65b) amount of microwave in both the ground state and the first
2sinh(BhQ) - - 8
excited state, the number of electrons in the two states is
while K;(p,) vanishes. SincK,(p,) andH,(p,) are expressed almost the same. As shown in E§9) and explained before,
asK,p,, andH,, the dissipative time scale and the stationarythe time scale needed to reach the situation in which the
temperature can be calculated from the well-known results ofiumber of electrons is almost the same is very short, com-

the classical Fokker-Planck equation: pared to the cooling time scale. As the stationary solutions of
1 Eq. (59), the two states are
2 oo fo(p) = 21P) + 2 fawp)f(p)], (699
g olP 5 p awl(p,) p, (P)T(P)],
KeT.. = % szk‘éﬂz (66b) 1 ik, 9
fa(p,) ~ Sf(p) - W (py) a—pz[Aws(pz)f(pz)]. (69b)

wherer, is the exponent decay time, aiid is the stationary
temperature as time goes infinity. A direct calculation gives Obviously, the difference between the two states is propor-

1 ﬁzké 25, Fiona! to fiky, which means that the two states are almos';

Z-p—9 == (673 identical. Because the number of electrons that lose their

Te 2m sinh(BAi{}) longitudinal momenta is exactly the same as the number that
gain longitudinal momenta, there is no more longitudinal

T =Th. (67b)  cooling in this case. The spontaneous terms mainly prevent

. the numbers of electrons in the two states from being the
Note that the Fokker-Planck equation wip, andH, as o536 50 that longitudinal cooling can continue.

Ks(p,) andH,(p,) leads to a Gaussian profile as the station- We have investigated cooling without microwave-
ary state, which means that the distribution is unchangedinjated transition and cooling with only microwave-
when we takeT, as the initial temper?tgre. The dissipative gtimated transition. Without the stimulated transition, the
exponent,y,=1/7, is proportional tai°ky, while the expo-  poier-Planck equation reduces to exactly what we want: an

nent with the microwave is generally proportional i, equation that always gives a Gaussian profile in time, when
Therefore, microwave cooling fs, times faster than equili- ;e take a Gaussian profile as its initial longitudinal distribu-

bration by both the spontaneous and the induced transitiontion; a stationary temperature that is exactly the same as the

The second case, of only microwave-stimulated trgnsitionheat bath temperature; and a dissipative exponent propor-
produces almost the same result as the case of no microwaug,nai to hzk(z). The Fokker-Planck equation in the case of

: - A T
In this case, the Ttransmon coefficienB, (p,) andW'(p),  only microwave-stimulated transition leads to a rapid transi-
are the same as(p,), so that the two coefficients of the tion jn Landau level, which leads to the same populations in

Fokker-Planck equation are reduced to the two Landau levels very quickly. However, the dissipative
hzk(z) I - Awgp,) 3 term in 'ghe equations is propo_rtlonal 13Ks. In both_cases, _

K(p) = — | ——Ws(p) — —5, ————Awg(p,) |, the cooling rate that is determined by the dissipative term is
2 |dp; Ws(p,) 9P, proportional ta%%k3. On the other hand, the cooling rate with

(683 both transitions is mainly proportional tek,. This implies
that the microwave-stimulation makes the cooling rékg
nAGl . AW(p,) times faster than the cooling rate without the stimulation.
> Ws(p) - —=— |- (68b) Therefore, longitudinal cooling by microwave-stimulation
ws(P,) can be faster than natural cooling brought about by changing
The main difference between these coefficients and those #fie heat bath temperature.
the case of both spontaneous and stimulated transition is that
the dissipative coefficient{(p,), is mainly proportional to
ﬁzkg rather than taik,. This implies that cooling with only
microwave-stimulated transition is so slow there is effec- We have derived a Fokker-Planck equation induced by a
tively no cooling within the desired short time scale. Thismicrowave and its dissipative and diffusion coefficients, and
phenomenon can be understood as follows. Without thehowed that the deformed equations for two extreme cases
spontaneous decay and the induced transition by the electrare well explained physically. With the dissipative and the
magnetic radiation, an electron in the ground state absorbsdiffusion coefficients of the Fokker-Planck equation, the
microwave photon and then moves up one in its Landawooling rate of the longitudinal temperature can be calcu-
state. At the same time, the electron loses its longitudinalated. In order to get the relaxation equation for the longitu-
momentum/ik,, so that it also loses its longitudinal energy. dinal temperature, we will deform the Fokker-Planck equa-
By contrast, an electron in the excited state emits a photon dfon as a form of dimensionless equation.
the same energy as it would in the case of absorption by a First of all, we need to introduce a dimensionless time to
microwave. As a result of the emission, the electron moveghe system. The particle number ratio between the ground
down to the ground state and gains longitudinal momentumand the first excited state depends on the spontaneous and the

H(p,) =

VI. TEMPERATURE RELAXATION
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stimulated transition rates. More rigorously, the ratio de- f(q) = > F(Hey(qy) (74)
pends on the relative rate of the stimulated transition rate to | '

the spontaneous transition rate. Unlike spontaneous transi- , o L
tions, which occur with every electron, microwave- which can be interpreted as the distribution for finite-size

stimulated transitions occur only with electrons with veloci- mMomentum, sampled on the grids through an appropriate in-
ties that satisfy a resonance condition. This means that thgrPolation. In this case, the first order weighting is enough

spontaneous transition is more dominant than the stimulatef® achieve the interpolation, so that the local weighting can
transition, except for some ranges in velocity space wher8€ defined as

the localized stimulated transition is dominant. 1
For this reason we define a dimensionless time as ay(dy) = F(qu_ |0z = 1)), (75
z
7=, (70) whereAq, is the length between two nearest grid points, and

. the function vanishes outside the rangg, 1<0,<0+1-
— 2 1 Z Z,
where $=2€202/3mc is the spontaneous decay rate. As By applying Eq.(74) and Eq.(75) for parallel distribution

units of momentum and microwave intensity, we employ ; - ; ;

)y equations, Eq(72) can be reduced to a finite dimensional
pr=(mkgT)? and Es=(100/%Q)/ S, where T, is the heat oo equation in the form of
bath temperature. With the two units, the microwave transi-

tion rate can be dimensionless. The rate is then J — — —
2 F (A== 2 [F(DKm + F(DHiml,  (76)
|

|
my \?
— (ZkllpT) whereF!(7) is the value off(q,) at q,=q,;, and the coeffi-
Wo(0; * fikg/py) = Es< my \2 [ mhe 5, (71)  cients of equation can be calculated as
o) (e o) .
KPr/ -\ labr Am= | dga(@)an(ay), (772
and the Fokker-Planck equation is
— — 9
of Jd | — — d = I
(@) _ _[K(qz)f(qz) + H(qz)—f(qz):| NG 7)) Kim= f dayan(a,)K(a,) P (), (77
or d9, dq, z

where q,=p,/pr is the dimensionless momentum, and the

f(q, is the dimensionless distribution. Th&q,) and H(q,)
are defined from Eq64a), Eq. (64b) and Eq.(640 by rede-
fining the four functions as

Him = f d%%m(%ﬁ(%)%%(%)- (770

This equation serves to obtain the time evolution of the dis-
tribution function. After solving the matrix equation, the dis-

o D'(p,) tribution can be represented by the coefficiefgt). Simi-
D'(q,) = —p, (733 larly, we can find a longitudinal temperature relaxation
S equat?on py multiplyingg? in Eq. (72). The final discretized
equation Is
oy = W)
U = — J — — —
WG =—g (73h) S LR@T=-SIFON P (79
| |
we( where the coefficients are
Wi(g,) = ST'?Z), (739 -
T)= J de,a (0,)q;, (793
Aiwgq, = VP, (739 _ _
= A=2 f doyan(0,)aK(ay), (790

and by replacingikg to fiky/ py.

In order to solve Eq(72) numerically, we will use Galer- _ J _
kin FEM method 28]. By applying the method, Eq72) can 3= 2f dg,— (g q,H(q,). (790
be expressed in discrete regime and the value§aqj are 9
calculated on a regular set of grid poitswith appropriate  In Eq. (78), the left-hand side represents the time evolution
g, To get intermediated values, a set of local weight func-of the longitudinal temperature, and the first term and the
tions around the grid points can be applied with some restricsecond term of right-hand side represent the dissipative and
tive conditions. Then the continuous functidfg, is ap- the diffusive term, respectively. Equati¢m8) is the equation
proximated by the sum of a linear combination of the localto get the evolution of the longitudinal temperature numeri-
weighting functions as a form of cally.
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The exact expression for the evolution of the longitudinalcited states is always small compared to the number in the
temperature can be obtained from E@2) by multiplying  two lowest states. Therefore, the transverse temperatures are
¢2/2 and then integrating that. The expression is low enough to keep most of the particles in the two lowest

: ® states during the simulation.

T,(0/2 — — 4 To cool the particles properly without contradiction to the

S,Tﬁo) - _f quqZ{K(qZ)f(qZ) + H(qz)a—qu(qz) . (80) theory that we have suggested, it is necessary to find a con-

. dition related to the frequency and the frequency width of the

where the time derivativa (t) is not dimensionless but ex- microwave spectrum applied to the particles. From the pre-
pressed in the unit of sec. As mentioned, the dominant terrMious theoretical treatment, we know the frequency must be
in the right-hand side is proportional fky/py in the dissi-  slightly smaller than the gyrofrequency, so that the micro-
pative term and the other terms dilg,/ pr times smaller than wave can make a particle move up one in Landau level and
the dominant one. So, with only the dominant term the Egsimultaneously reduce the longitudinal energy. However, if
(80) can be written as the frequency width of the microwave spectrum is large
enough to exceed a certain linfithich will be investigated
in detail later in this section our theory encounters two
serious problems. One is caused by spin resonance fre-
quency, which is automatically larger than the Landau fre-
The right-hand side from the previous equation is defined aguency, becausg/2~1.001 is slightly larger than unity. If
the width is large enough that

Y_(9._
2>(2 1)(), (85)

T _

T(O> =~ - Ve(B,Io'o,TL;T“). (81)
I

ﬁ —
Ve(BaIG'OvTL;TII)ZZSOp_kO f dgg.Kq(g)f(a), (82
T

whereK;(q,) is
_ _ where vy is the normal frequency width of the microwave,
Dg(qz) - Wg(qz) _ Q/Q, then some of the particles will change their spin states
BT(qZ) +V_VT(qZ) Awg(gp). (83) from spin-up to spin-down, instead of moving up in Landau
level, and this will cause more longitudinal energy change.
Now we will discuss results for rescaling parameters. A genHowever, this kind of effect breaks our two level assump-
eral rule for changing all parameters cannot be obtained, bdton. In order to avoid this problem, th@ factor should be
we can get a useful relation for the cooling rate for a specialarger than 18
case. Sinch(qZ), WT(qZ)’ andwy(q,) are invariant for res- The other problem encountered by our theory is that the
caling B and loo/AQ to «xB and «2o/4Q, respectively, cooling is very effective as long as the width in momentum

K is also i iant f i q ded space,y/k;, is smaller than the standard deviation of the
1(d) is asozlnvarlant or rescaling, and$, are expanded |, qit dinal profile in momentum space. When a microwave
to kky and «°S,, respectively, by rescaling. We must also

with a wave numbek; and a frequencywg, which are de-

consider the rescaling of the transverse temperature. The regqe  in Eq.(35a and Eq.(35b), propagates along the mag-
caling of B forces() to be rescaled ta(), so thafT, should  Latic field in the plasma, an electron with longitudinal mo-

be rescaled t&T, to keep the ratio between the ground andmentymp, along the magnetic field experiences cooling or
the first excited state the same during cooling. This can bﬁeating because the usual Doppler effect, a shifted fre-
done by rescaling only the initial temperatuTé)) to KT(f). quency,

Therefore, a relation for rescaling,

ve(kB, k2100, kT |;T) = ve(B, 10, T T)),  (84) o Zw+ Ma, (86)

Ky(a) = -

can be obtained. ] )
has interacting terms between the wave vedjoand the

longitudinal momentunp,. If ' coincides with the electron
VII. COOLING CONDITIONS OF NON-NEUTRAL cyclotron frequency), t_hen resonant ab_sorption of the wave
PLASMA energy by electrons will take place. This phenomenon is ef-
fective in the vicinity of the resonance frequency in momen-
To reach the desired cooling limit provided by the two tum space, where particles lose their momenta so that they
level-transition equations in our theory without any contra-move into lower momentum range. Because of the resonance
diction, some restrictive conditions on the cooling procescondition, all particles near the resonance frequency are
are necessary. One of these was presented previously. Tkhifted into lower momentum range. Moreover, if the reso-
quantum limit on the transverse motion of strongly magne-nance frequency is well-chosen, then the particles can rap-
tized plasma should be effective during the simulation. Thadly lose most of their momenta, and the longitudinal tem-
transverse temperatures during the simulation should alwayserature can decrease until the the width of longitudinal
be lower than the Landau temperature. Also, it is assumedistribution is almost the same as the width of the microwave
that the transverse temperature is so low that most of thepectrum in momentum spaceg/k;. After this point, the
particles are in the ground or the first excited state, whickcooling rate of the longitudinal motion will slow down. This
means the number of particles in the second and higher exgives us a condition for the microwave applied to the par-
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ticles: The initial width of the microwave spectrum in mo- andAw. Applying the intensity that we obtained to the coef-
mentum space should be less than the standard deviation fifients of the Fokker-Planck equation in weak microwave
the initial longitudinal distribution[29]. The condition in  range, we can also obtain the stationary temperature and the

mathematical form, asymptotic cooling rate as functions Qfand Aw.
5 For more general analysis in the weak microwave range,

[0 - V{py 87) we have used dimensionless quantities instea@ ahd A w.
K m '’ The new dimensionless quantities are

where dw=1vy/2 is the frequency width of the microwave 1 my

spectrum, implies that a smaller frequency width of the mi- —= Kopr’ (893

; . . Q T

crowave spectrum gives a lower temperature of the final dis-

tribution. However, if the initial frequency width of the mi-

crowave is too small, the number of particles involved with pP= Aw (89h)

the microwave may be so small that the cooling time will be v2'

too long. So, in order to find the fastest way to cool the — . )

particles, we should start with a larger frequency width. Inwhere 1Q represents the relative frequency-width of the
that case, the initial cooling rate will be higher, but the ratemicrowave spectrum to the standard deviation of the initial
will slow down sooner, so that it will again take too long to Plasma profile in the dimensionless momentum space. With
reach the critical temperatu(@,~170). Therefore, the so- the aid of these definitions, another parameter as a combina-
lution to the problem is to change to a smaller frequencyfion of the above two parameters can be introduced for com-

width at the instant that Eq87) is broken, in order to allow putational convenience. The new parameft2Q, repre-

the electrons to continue to cool. sents the central position of the microwave spectrum as the
unit of standard deviation of the initial plasma profile in the
VIIl. ASYMPTOTIC BEHAVIOR OF LONGITUDINAL dimensionless momentum space. For the set@fP/2Q),
DISTRIBUTION the cooling rates and transverse temperatures can be calcu-
lated.

As mentioned previously, applying a microwave with |, the Jow momentum range where the intensity of micro-

Doppler-shifted resonance frequency to electrons causes 0{zqye is very weakw!(p,) and Aw,(p,) become
gitudinal cooling as they lose their longitudinal momenta. s s

The cooling continues until most of electrons escape from T log 2

the range of the strong microwave in longitudinal momen- ws(py) ~ - El Lp2 (903
tum space, interacting instead with the weak microwave in

the low longitudinal momentum range. In this case, the dif- o
fusion coefficient of the Fokker-Planck equation is almost log 8PQ p,
constant in the range, and the dominant term of the dissipa- Aw(p,) =~ 70 - ZP_T'
tive coefficient is proportional to momentum,. These two 1+P9
coefficients leads the longitudinal distribution of the elec-to the lowest order op,. Applying the Eq.(88), to Eq.(58),
trons to a Gaussian distribution in the weak microwaveye finally obtain an asymptotic Fokker-Planck equation:

(90b)

range. The two distributiongy(p,) andf;(p,), also become
Gaussian distributions in the range. So, one distribution au- t(py) ~ ﬁkoi[ 1 _nOlAW (pz)f(pz):|
tomatically has to be decided by the relation at L 1+ny  °

f1(py) ﬁzké F [ 1 T

~ + — W, +Aw,

o Nog, (89) 2 2 |1 +nOl[ o(py) {(P2)]
whereng, is the ratio between the ground and first excited n
state.N;/No. J + 1+—‘ﬁm[05<pz> + Aw;p»]}f(pz)]. (9D

The relation in Eq.(88) with Eq. (58) gives another ] ] ) ) _
Fokker-Planck equation in weak microwave range, which!he first term in the right-hand side of E(Q1) is the ap-
has a different form from the Fokker-Planck equation that weProximation ofK,(p,), defined in Eq(644. The asymptotic
derived previously. Both Fokker-Planck equations have twd-0kker-Planck equation can be rewritten as

coefficients, dissipative and diffusion coefficients. The two (p,) P P 9
coefficients are represented as functions of the intensity of——= =~ fik,—[K;(p,)f(p,)] +ﬁ2k§—{Hz(pZ)—f(pz)]
the microwave, the microwave cavity factor and the relative a P, P, 9P,

detuning frequency from the gyrofrequendyw (Aw=. (92
—w). The intensity of the microwave that is required to keepWhereK (p,) andH,(p,) are determined as
a constant rationg, can be obtained from the comparison of 1P 2P

two dissipative coefficients of those two Fokker-Planck 1-nulo 8% b
equations in the weak microwave range. The intensity can be Ki(pp) = 010 ——— (939
represented as a function of the microwave cavity facgor, 1+n01 282 (1 + P?)2Pr
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oy = [ SFEBIY) loyhQ 1 1 5
2p2)~ 1_eXF(_BhQ) S) 1+EZ 1+n012
+ 1 " IO'O/hQ 1 n01 E
1 - exd- BhQ) S 1+p2/1l+ng 2’
(93b)

from Eq. (909 and Eq.(90b). From the direct expansion of
K4(py, defined in Eq(643 to the order ofp,, we get

1
Kalpo) = Lexg-ph0)  logh0 1
1-ex-pi0) S 14p?
loy_8PQ_p,
X———, 94
he) (1 +P?)2Pr (54

whereTy, is heat bath temperature aBglis the spontaneous
decay rate. From Eq(93a9 and Eq.(94), we obtain the
asymptotic microwave intensity for constant ratig;. The
asymptotic intensity is

loo _ o (L+PA[ 14ng 1+ exp-phiQ)
HQ 4 1-exg-BrQ) |’

95
1 - n01 ( )

which shows that the intensity can be decided onIyI?by
Equation(92) can be rewritten as

df(py)

d P
P ~ﬁkoKla—pz[pzf(pz)]+ﬁ2k§Hza—p§f(pz), (96)

whereK; andH, are

_1-ngloy 8PQ 1
! 1+n01ﬁ9(1+52)2pT'

HZ%(l—exr{—BﬁQ) )1
| |

The solution of Eq(96) is well known. If a Gaussian state is
the initial state withTﬁ’ as the initial longitudinal temperature,

(973

exp(— BhL)) log/hQy 1
S 1+P2
log/hQ) 1
S 1+p2

1 S

+Ng; 2
No1 S
1+np2°

(97b

1
1—exg— ghQ)
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v=—21koK, loge. (100

Whatever the initial temperature i, will be the tempera-
ture of stationary state. S@,° can be determined as the
kinetic temperature of the stationary state. The stationary so-
lution of Eg. (96) implies that the temperature is

14,
m 7fikoKy
Applying the two coefficientsK; andH,, to Eq.(101) with
Eq. (95), we obtain the stationary temperature

1+ng

[(1—%1)2_1}

1 + n01 _ 1 + eXF(_ ﬁﬁﬂ)
1 - n01 1 - eXF(_ ﬂﬁﬂ)

keT, = (109

1+P?
—hy, (102
J 8p

kBT‘Tj: \‘

which depends orﬁ 6 and ny;. The temperature of Eq.
(102) agrees qualitatively to Stenholm’s result for laser cool-
ing [29]. The cooling temperature is minimized At 1 for

the constan@Q.
With K; of Eq. (973, the cooling rate of Eq(100) is

hkol _n01kﬂ 8%

Pr 1+ng L) (1 +EZ)2'

v=

-2 log,e (103

For a constana and a constant microwave intensity without
any consideration of a constant ratio between the two trans-

verse quantum levels, the rate is maximizedPat1/43,
which is also the same as Stenholm’s re$24].

However, our conclusion is that the microwave intensity
should be determined bl in Eqg. (95), which is obtained
from the constant ratio between two transverse quantum lev-
els. By combining Eq(95) and Eq.(103, the asymptotic
cooling rate is

k PQ

+P?

v=

_1-np; 1 +exd- phQd)
1 + n011 - eXF(_ Bﬁﬂ) '

(104)

f
-4 log;,
0e%PT1

In the case of the constant ratio and the ci)nsantthe
maximum cooling occurs @=1/\2 instead ofP=1/3.
However, the process we have applied to find the maxi-
mum cooling rate is based on the assumption that the elec-
tron plasma profile is far from the strongly peaked micro-

the state is still Gaussian until it reaches a stationary stat§yave in momentum space. On that assumption, we have

Only the kinetic temperature varies during the evolution.
With T/ as its final temperature, the solution is

f(py = ;— exp[— P } , (98
V2mkgT, (t) 2kgT) (1)
where the longitudinal temperature is
Ty =T + (T} - TP)er 2o, (99)

This shows thafl|(t)- T has ZikyK; as its exponent decay
rate. In other words, the exponent for logarithm to base 10 i

applied a linear approximation to the system. This means that
P/2Q, which represents the central position of the micro-
wave spectrum in units opy, is so large that most of the
electrons do not interact with the strong microwave. Also,
the frequency width of the microwave spectrumQL/in
units of pr, is so small that the range of the strong micro-
wave is narrow. Since more than 99% of the electrons reside
between -Br and Jr, P/2Q should be roughly larger than

4. As a result of this consideration, @/should be roughly
garger than 82, which means that the width of the micro-
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wave is initially much larger thamy, the thermal average  TABLEI. The linear cooling ratefv(h™1)] for various values of
momentum of the initial longitudinal distribution. This is not Q andP are calculated fromy=—log,o(T,/Ty).

an appropriate result in reality, and the large width of the
microwave contradicts Ed87) initially. Therefore it seems P/2Q
that maximum cooling cannot be found ¢ 1/\2, because  —
P=1/y2 automatically contradicts our assumption. There-
fore, the frequency width of the microwave spectrum should1.0 0.24472 0.43393 0.56351 0.60289 0.55839 0.48058
be decided befor® is decided. In reality, applying the mi- 2.0 0.28735 0.51529 0.66927 0.69143 0.60894 0.50475
crowave once to the electrons means that the central positio.0 0.30080 0.54520 0.70563 0.71653 0.62080 0.50980
of the microwave spectrum is determined initially. It should 40 030715 0.55991 0.72206 0.72659 0.62522 0.51161
be decided befor® is decided, on the assumption that the 50 0.31075 0.56825 0.73072 0.73152 0.62732 0.51246
frequency width of the microwave spectrum willbe small. In g0 031301 057340 0.73477 0.73529 0.62847 0.51293
this case, the dependency of the cooling ratePas clearly 7.0 0.31454 0.57679 0.73546 0.73598 0.62917 0.51321
different from the previous results. The cooling rate of EQ. go (31561 057914 073609 0.73710 0.62963 0.51339
(104 is expressed as 9.0 0.31639 058082 0.73669 0.73787 0.62994 0.51352

0.5 1.0 15 2.0 2.5 3.0

fikg Ez 1 10.0 0.31698 0.58206 0.73727 0.73842 0.63017 0.51361
v=-2lotheS e
Pr 1+P2P/2Q

1=n 1+ exd— BhO should b_e detgrmined by a constraint to_ ke_ep the two level

X[ 1- 21 i SASY , (105 assumption. Given 10 T as the magnetic field strength and

1+ng 1 - exd- Bhd) 4.2 K as the initial temperature, the transverse temperature

— . . - . should be lower than 12.0 K for over 90% of the particles to
whereP/2Q is a variable instead dp. As seen in Eq(109, | " 0 ground and the first excited state. More generally,

the cooling rate for the initially choseid/2Q has no maxi-  the temperature is determined from the rescaling condition
mum. AsP goes to infinity, theP-dependent term of goes  mentioned previously. The temperature with the condition is
to 1. This implies that the cooling rate is almost constant for

a largeP. In other words, we do not have to consider the B
— . ) T, <12.0X — (107
P-dependency of the cooling rate seriously. However, a 10’
larger P implies a larger microwave intensity, as shown in o )
Eqg. (95). The stationary temperature in EG.02) is for generalB field in tesla unit.
) Now the cooling ratev, defined by Eq(82), can be cal-
[(1+_nOl) _ 1] _ culated as a function d@ andP/2Q, with a constanB-field
T = 1-ng 1+ Pziﬁ and a function ofgg from the constraint. One of the results,
BU " 14ny, 1+exp-BhQ) 4p2 26 m P, based on the fact that the plasma profile is a Gaussian, is
Ton. 1- expl- fiQ) shown in Table I. As the table shows, the cooling rates have
01 7~ ey

maximums atP/2Q=2.0 for all Qs. In Table I, the micro-

(106 wave intensities which give the constraint that the transverse
which  shows that the P-dependency and the
P/2Q-dependency are complete inversions of thosev.of

Therefore, the smalleP/2Q gives the higher cooling rate
and the lower stationary temperature. — —

__ TABLE Il. The microwave intensitie$E) for various values of
Q andP, are calculated fronk=(10p/hQ)/S,.

IX. RESULTS OF MICROWAVE COOLING o 05 1.0 15 20 25 30

Setting appropriate conditions for the initial state, the lon- ;1 5 726535 033213 051747 0.90984 1.60143 2.60313
gitudinal temperature can be estimated after the state reach 049788 069645 1.31880 2.85801 5.73339 9.87276

an equilibrium. Our system is supposed to be immersed in a_

liquid helium heat bath, so that the initial temperatures 0.78576 1.18737 2.52114 6.01611 12.5850 21.9779
(transverse and longitudinalare 4.2 K, the temperature 4.0 1.13730 1.81743 4.15398 10.4150 22.1709 38.9235
of liquid helium. We apply 10 T as the magnetic field, 5.0 1.55790 2.59575 6.23124 16.0631 34.4937 60.7101
0.7x10°/cn?® as the number density of the plasma in the 6.0 2.05140 3.52833 8.75931 22.9631 49.5540 87.3381
trap, and at least f@s theQ factor of the microwave cavity. 7.0 2.62074 4.61892 11.7413 31.1160 67.3521 118.808
For the number densi0.7x 10°/cn), the critical tempera- g 326799 586992 15.1786 40.5225 87.8883 155.119
ture which gived’ ;=170 is approximately 14 mK. 9.0 3.99462 7.28292 19.0722 51.1827 111.163 196.270

The cooling rates of the plasma are calculated for varlouslO 0 480183 885852 23.4227 63.0966 137.175 242264
values ofQ, P, and the normalized microwave intensky
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temperature is constant are shown for the se(§o§/26). 10.00

The smaller the number of electrons that interact with the 1

microwave, the larger the microwave intensity that is re- 100k ]

quired to keep the same transition rate. As Table Il shows, as < ]

the central position of the microwave spectrum is farther = ]

away from the center of the profile, and as the frequency 0.10 L ]

width of the microwave spectrum is smaller, the intensity in ]

the constraint is larger. From the results shown in Table | and

Table II, we can draw provisional conclusions about the 0.01 . . ‘

Gaussian plasma profile transition. By applying a microwave 0 1 2 3 4

of larger intensity and smaller frequency width to the Gauss- t (h)

ian plasma profile ap,= +2pt of the profile, a larger transi- _

tion rate can be obtained. FIG. 1. Time evolution of the longitudinal temperature fQr
However, this conclusion does not apply to a long time=2.0 andP/2Q=2.0(N;/Ny=0.2).

scale. A microwave of large intensity and small frequency

width initially creates a large transition between the two lev-=2p. in velocity space. A|506=2-0, representing the width
els. At the same time, the electrons within the frequencyof the microwave in velocity space, means that the width of
width of the microwave spectrum lose their longitudinal mo-the microwave isy/2p; in velocity space. With this set of
menta, so that they escape from the range of the microwav@arameters, the microwave interacts initially with the elec-
After that, the number of electrons interacting with the mi-trons in the range fronp~1.5p; to p~2.5p;. Since the
crowave rapidly decreases, and there is almost no more mportion of the electrons outside the range; 2.5pr, is less
crowave cooling, because of the large intensity and smakllhan 1% of the electrons in velocity space, the microwave
width. Even worse, the small frequency width of the micro-causes enough cooling to leave almost no high speed elec-
wave spectrum causes the high speed electrons of the plasmians, so cooling can be continued by changing the intensity
to remain in their original positions over a long time scale,of the microwave. If the portion outside the range is not that
preventing the longitudinal temperature of the plasma fronsmall, then high speed electrons will remain in the range,
decreasing. In order to create microwave cooling over a longreventing the electrons of the entire profile from being
time scale, we have to apply a microwave of a large frecooled over a long time scale.

quency width to the plasma. In this case, the intensity of the The microwave intensity has to be decided by the condi-
microwave should be small. Even though this does not creatgon of the constant ratio between the ground and the first
the fastest cooling initially, it may cause the fastest coolingexcited state. As the ratio is changed, the cooling rate should
over a long time scale. The other fact we have to considepe changed. Let us consider two cases for the ratio. The first
during a simulation is that the cooling rate depends not onl\tase is that the ratia\;/No, during a simulation, is 0.2,

on (Q,P/2Q), but also on the shape of the profile. This which means that only 4% of electrons are in the second or
means that the deformed profile as a sum of the ground ariéieé higher excited states. The other case is that the ratio is
the first excited state, as functions of time, is generally fai0.3, which means that 9% of electrons are in the second or
from a Gaussian and not predictable with only E&pa and  the higher excited states. In order to investigate the basic
Eq. (60b. The profiles as functions of time can be deter-pehavior of the longitudinal temperature, let us apfly
mined by the Fokker-Planck equation, H§1), using the -3 o p/2Q=2.0, andN;/Ny=0.2 to our simulation. In Fig.
two equations Eq(60a and Eq.(60). As seen in EQ(82), 1 ang Fig. 2, the longitudinal cooling and the microwave
one of the parameters of the cooling rate is the Iongltudma,mensity required foN;/N,=0.2 are shown. As explained
temperature, which can generally be determined from theyeyioysly, the asymptotic behavior of the longitudinal tem-

longitudinal kinetic energy. If the profile as a function of heraryre is clearly exponential. Actually, in Fig. 1, the entire
time had the same shape as the initial profile, we would no?

need to apply the constraint fdt, again after applying it 1507
initially, because the initial constraint with the dimensionless
Fokker-Planck equation gives a general condition EQf
Since the profile during a simulation is generally not a
Gaussian, we should apply the constraint to the equation for
each time step during the simulation. Changing the param-
eter causes different results for the simulation.

As a result of these considerations, we will now choose a
set of parameters as an initial value of the microwave. As

shown in Table I, the cooling rate is maximized 5126 5
=2.0 for allQs. From this result, we tak(Q.O,Z.O_as the set t (h)

of parametergQ,P/2Q). As explained beforeP/Za:Z.O, _
representing the central position of the microwave in veloc- FIG. 2. The microwave intensity fa;/No=0.2 whenQ=2.0
ity space, means that the center of the microwave ip at andP/2Q=2.0 is applied.
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10.00 ' ' E 150

1.00 1 s 100] ]
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0 1 2 3 0 1 2 3
t (r) t (h)

FIG. 3. Time evolution of the longitudinal temperature for  FIG. 5. Time evolution of the microwave intensity required for
N1/Np=0.2, applying the best cooling parameters whenever they,/N,=0.2 with the best cooling parameters.
profile starts asymptotic behavior.
the Eq.(87), we might change the central frequency and the
behavior of the longitudinal temperature looks exponentialfrequency width of the microwave spectrum in momentum

The exponent of our simulation is the same as the result Oépace This could be achieved by changmgandglza

Eg. (109, where we applyQ=2.0, P/2Q=2.0, andnos  However, according to our results, the best way to get cool-

=0.2. Figure 2 shows that the microwave intensity is satu-ing is not to changés andE/2Q during the whole simula-

s B . . . %ion, but to changéo, at moments when the plasma breaks
longitudinal temperature in Fig. 1 is exponential, the mICro-y, " ondition

wave intensity is not the same as the saturated intensity ini- Because the microwave pushes the electrons into the
tially. This means that the asymptotic assumption dlscussepange of low longitudinal temperature, the initial Gaussian

previously cannot be applied to .th's system initially. In F'gi profile will have a distortion in the range where the electrons
2, we know that the asymptotic behavior starts approxi-

matelv 1.5 h after the microwave is aoplied. The saturated teract with the microwave. The cooling will be continued
. y L PPIiea. ntil there are no more electrons in that range, and most of
intensity is also the same as the result of Ef).

) — ) electrons will move to the lower temperature range. In that
With the values ofQ, P/2Q, andlags determined from  range, the microwave intensity is so small that the micro-
the condition of the constant I’a’[iO, it still takes too |Ong tOWave is almost linear to the Ve|0city_ The linear function
reach the critical temperature. From the result of our simuzauses a linear dissipative coefficient and a constant diffu-
lation, the cooling time is almost 4 h. This time is unrealistic sion coefficient. With the aid of results from the classical
in experiments, as a plasma profile in a Penning trap with gokker-Planck equation, we know that the electron profile
high magnetic field cannot stand for such a long time. Th&rom the two coefficients will be Gaussian-like. This means
reason it takes too long is that the plasma profile does nahat the profile will be almost a contraction of the initial
interact effectively with the microwave after a certain time. profile. Therefore, even though and Aw will be changed

The plasma is cooled so rapidly that the temperature reach :
the value which breaks the condition in E&7), and then iﬁ‘:ﬁ;g?:ot:qetﬁgsm%ablrsgllzigan’ Q andP/2Q will not

the cooling becomes much sllower,.because .the high peaked In Fig. 3 and Fig. 4, time evolutions are shown for the two
central frequency of the applied microwave is too far from —— — ) , . .
the plasma profile. The real intensity of the microwave ap-S€ts of(Q,P/2Q) and the microwave intensities. Also, in

before its temperature reached that value. a constant ratio are shown. In Table llI, the times when the
For this reason, we need to find another way to cool thd?arameters should be changed are determined. As we ex-
plasma more rapidly. At moments when the plasma breakBected, the cooling times can be reduced as much as we need

10.00 T T T 250F .
200} ]
L 4 ‘o [
< 1.00 EREY ]
= S 1o00f ]
0.10 1 D ; ]
~ L
50 b
0.01 . . . of ‘ . .
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

t (h) t (h)

FIG. 4. Time evolution of the longitudinal temperature for FIG. 6. Time evolution of the microwave intensity required for
N1/N0:0.3. Nl/NO=O.3.
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TABLE llIl. The times when parameters should be changed. crystallization can be achieved below a longitudinal critical
temperature irrespective of transverse temperature. Applying
N1/Ng=0.2 a microwave in the same direction as the strong magnetic
field line, we were finally able to create a cold plasma with a

t (se9 a(h™) T T longitudinal coupling parameter over the critical value. On
0 0.69143 4.2 4.2 the basis of a small ratio between the ground and the first
4720 1.68898 0.516901 8.3517 excited state, tvyo level transition equations petween the_ two
6650 412583 0.063347 8.3517 levels were derived. A Fol<_|§er-PIancI§ equation was derived
from these two level transition equations. Also, we found a
t (seg N;/Np=0.3 rescaling equation for the cooling rate, the results of which
showed that the cooling time is proportional to the cubic of
ath™) T T, the rescaling parameter, as the magnetic field, the microwave
0 0.98948 4.2 4.2 intensity, anq the transverse temperature are re_scaled .by t.he
same rescaling parameter. When a microwave is applied in
3300 240939 0515117 11.1644 the longitudinal direction, the temperature can be decreased
4660 5.84879 0.063351 11.1644

below the critical temperature by exchange of energy be-
tween the two degrees of freedom. The results of our simu-

) ) ) lations show that electron plasma crystallization can be
them to be. The cooling time is more than 1 h and less thaQhieved in a Penning trap in two hours.

2 h for N;/Np=0.3, and is slightly more than 2 h for
N;/Ng=0.2. Both times are very realistic for Penning trap
experiments. ACKNOWLEDGMENTS
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